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Quantum Diagonal Algebra and
Pseudo-Plactic Algebra
Todor Popov
Abstract The subalgebra of diagonal elements of a quantum matrix group has been
conjectured by Daniel Krob and Jean-Yves Thibon to be isomorphic to a cubic al-
gebra, coined the quantum pseudo-plactic algebra. We present a functorial approach
to the conjecture through the quantum Schur-Weyl duality between the quantum
group and the Hecke algebra. The relations of the quantum diagonal subalgebra are
found to be the image of the braid relations of the underlying Hecke algebra by an
appropriate Schur functor which gives a straightforward proof of the conjecture.
1 Introduction
The diagonal elements of a quantum matrix group C[GLq(V )] close a subalgebra
which is the noncommutative avatar of the algebra of the functions on the torus.
The resulting quantum diagonal algebra C[GLq(V )]
∆ ⊂ C[GLq(V )] provides a
noncommutative character theory of quantum group comodules which is a lifting
of the commutative symmetric functions. We identify the functions on the quantum
torus T with the subspace of End(V )∗ stable by the transposition τ , τ(xij) = x
j
i .
Krob and Thibon conjectured [3] that the algebra C[GLq(V )]
∆ spanned by xii ∈
C[GLq(V )] is isomorphic to the quantum pseudo-plactic algebra defined as the
quotient PPq(T)
∼= C(q) 〈T〉 /(L∆q (T)) of the free diagonal algebra C(q) 〈T〉 by
the ideal (L∆q (T)) generated by
L∆q
i1,i2
i3
:= [[xi1i1 , x
i3
i3
], xi2i2 ] with i1 < i2 < i3
L∆q
i1,i1
i2
:= [[xi1i1 , x
i2
i2
], xi1i1 ]q2 with i1 < i2
L∆q
i1,i2
i2
:= [xi2i2 , [x
i1
i1
, xi2i2 ]]q2 with i1 < i2
. (1)
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Stated differently, the ideal of relations of the diagonal subalgebra C[GLq(V )]
∆ is
generated by the cubic relations (1) and there are no relations in higher order which
are independent from the cubic ones, eq (1).
We introduce a Schur bifunctor the tower of Hecke algebras Hqr into the co-
ordinate ring of the quantum group C[GLq(V )]. It maps (H
q
r ,H
q
r)-modules into
(Uqgl (V ), Uqgl (V ))-modules. The polarization functor denoted by ///o/o/o is the
adjoint functor of the Schur bifunctor. The polarization of the diagonal subalgebra
C[GLq(V )]
∆ is defined to be the diagonal Hecke algebra Hq∆
PPq(T)

O
O
O
∼= C[GLq(V )]
∆

O
O
O
  // C[GLq(V )] =
⊕
r≥0 C[GLq(V )]r

O
O
O
PPq
∼= Hq∆
  // Hq =
⊕
r≥0H
q
r .
(2)
The quantumWeyl action [5] is stabilizing the diagonalC[GLq(V )]
∆
r inC[GLq(V )]r.
It has a counterpart, an “adjoint”Hqr-action onH
q
r
∆. We consider also the polariza-
tion PPq of the quantum pseudo-plactic algebra PPq(T) which we refer to as the
pre-plactic algebra defined as a factor algebra. We prove that the ideal of PPq in-
duced by the unique polarized pseudo-plactic relation, namely
L∆q = [[x
1
1, x
3
3], x
2
2] ⇔ L
∆
q = (x
1
1x
3
3x
2
2−x
3
3x
1
1x
2
2)− (x
2
2x
1
1x
3
3−x
2
2x
3
3x
1
1) (3)
contains all relations of the diagonal Hecke algebra Hq∆, that is, one has the iso-
morphism of Hq-modules between the pre-plactic algebra and the diagonal Hecke
algebra
PPq
∼= Hq
∆ .
The pre-plactic relation (3) is the difference of the Knuth relations of the plac-
tic monoid [4] therefore the pre-plactic algebra PPq is a lifting of the Poirier-
Reutenauer algebra [12]. Both Poirier-ReutenauerPR and pre-plactic algebraPPq
[14] are Hopf algebra quotients of the Malvenuto-Reutenauer algebraMR [9]
PR ⊂ PPq ⊂MR .
There exists also a Schur functor PSq [8] mapping the q-deformation of PR to q-
deformation PSq(V ) of the plactic algebra (deformed parastatistics algebra [1, 7]).
In Chapter 4 by applying a Schur bifunctor to theHq-modulesPPq
∼= Hq∆ we
prove the conjecture of Krob and Thibon
PPq(T)
∼= C[GLq(V )]
∆ .
The cubic relations L∆q (T) = 0 are playing a role similar to the Knuth relations of
the plactic algebra in the theory of noncommutative symmetric functions. Moreover
the pre-plactic relation L∆q = 0 acquire in the process of our proof clear geometrical
meaning, it is nothing but the braid relation of the Hecke algebra.
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2 Schur functor and its adjoint
The algebra of functions on the quantum group C[GLq(V )] coacts on itself, it is
a naturally a (C[GLq(V )],C[GLq(V )])-comodule. The “regular representation” of
C[GLq(V )] according to the Peter-Weyl theorem has a decomposition into a product
of left and right irreducible [GLq(V )]-comodules
C[GLq(V )]r ∼=
⊕
λ⊢r
Sλ(V
∗)⊗ Sλ(V ) .
In their seminal paper Faddeev-Reshetikhin-Takhtajan [2] defined the algebra of
functions on the general linear quantum group C[GLq(V )] as the commutant of the
action of the Hecke algebraH2(q). The Hecke algebraH2(q) is represented by the
Drinfeld-Jimbo quantumR-matrix Rˆq ∈ End(V
⊗2)
C[GLq(V )] = C(q) 〈W
∗〉 /(RˆqW⊗W−W⊗WRˆq) W = End(V )
∗ ∼= V ∗⊗V
(4)
In other words the homogeneous elements of C[GLq(V )] are the coinvariants of the
naturalHqr-action
C[GLq(V )]r ∼= (W
⊗r)H
q
r ∼= (V ∗)⊗r ⊗Hqr V
⊗r .
Here the decorated tensor product⊗Hqr stands for the quotient relating the right and
leftHqr-action, e.g. (W
⊗2)H
q
2 := W⊗2/(W ⊗WRˆq − RˆqW ⊗W ).
By duality the two-sided comodules C[GLq(V )]r are bimodules of the quantum
universal enveloping algebra Uq(g). The quantum Schur-Weyl duality is the dou-
ble commutant property of the action of the quantum universal enveloping algebra
Uqgl (V ) and the action of the Hecke algebra H
q
r . The Schur-Weyl duality allows
to build the Schur functor which maps the category of representations of the Hecke
algebra Hqr −mod to the category of representations of the quantum universal en-
veloping algebra Uqgl (V )−mod.
Orthogonal idempotents in Hqr . An orthogonal idempotent eλ(T ) in H
q
r is
parametrized by a partition λ of r, λ ⊢ r and a Standard Young Tableau T with
shape λ, T ∈ STab(λ). Different idempotents are orthogonal
eλ(T )eµ(T
′) = eλ(T )δλµδTT ′ .
A system of orthogonal idempotents provides a partition of unity∑
λ⊢r
∑
sh(T )=λ
eλ(T ) = 11Hqr .
An irreducible right Hqr-module is constructed as the ideal given by multipli-
cation with an idempotent eλ from the left, S
λ = eλH
q
r. Idempotents eλ(T ) and
eλ(T
′) with different Young Tableaux T, T ′ ∈ STab(λ) having same shape λ lead
to isomorphicHqr-modules S
λ ∼= Sλ(T ) ∼= Sλ(T
′), so we often suppress T .
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The Schur functor Sλ(V ) = Sλ ⊗Hqr V
⊗r maps the irreducible right Hqr-
module Sλ = eλH
q
r into an irreducible rightUqgl (V )-module. Similarly on defines
and irreducible left Hqr-module Sλ = H
q
reλ and irreducible left Uqgl (V )-module
Sλ(V
∗) = V ∗⊗r⊗Hqr Sλ. The polarization is a functor adjoint to the Schur functor,
it maps a Uqgl (V )-module S
λ(V ) with |λ| = r into its underlyingHqr-module S
λ.
The coordinate ring is Nd-bigraded by the weight1 of the multi-indicesA and B
C[GLq(V )]
A
r B
∼=
⊕
λ⊢r
SAλ (V
∗)⊗Hqr S
λ
B(V ) A,B ∈ {1, . . . , d = dimV }
r .
The polarization of [GLq(V )]r is its component of weight 1
r (we suppose that
we have chosen V such that dim V = r). Equivalently the multi-indices α and
β of weight 1r are words of permutations α, β ∈ Sr. The polarization of the
(Uqgl (V ), Uqgl (V ))-moduleC[GLq(V )]r is isomorphic to the (H
q
r ,H
q
r)-bimodule
Hqr yielding the decomposition of the regular representation ofH
q
r
(Hqr)
α
β := C[GLq(V )]
α
r β =
⊕
λ⊢r
Sαλ ⊗Hqr S
λ
β . (5)
Every left (right) Hqr-module Sλ (S
λ) appears in the regular representation with
multiplicity equal to its dimension fλ = dimSλ.
For generic q the regular representationHqr is isomorphic to its specialization at
q = 1, i.e., to the regular representation of C[Sr]. Hence C[Sr] can be seen as the
polarization of the commutative algebraC[GL(V )]. A permutation α ∈ Sr is given
by the two row bijective correspondence (with commuting biletters) or equivalenty
by its word
α =
(
1 . . . r
α1 . . . αr
)
α = (α1 . . . αr) .
The inverse permutation α−1 is simply obtained by exchanging the two rows
α−1 =
(
α1 . . . αr
1 . . . r
)
=
(
1 . . . r
α−11 . . . α
−1
r
)
in which we have rearranged the commuting biletters. More generally any two row
bijection yields a permutation representable as a product(
α
β
)
=
(
α1 . . . αr
1 . . . r
)(
1 . . . r
β1 . . . βr
)
= α−1β . (6)
The permutation α−1β can be thought as an element in the double coset where the
right C[Sr]-action is by place permutation and the left C[Sr]-action is by substitu-
tion
α−1β =
(
α
β
)
∈ C[Sr] ∼= C[Sr]⊗C[Sr] C[Sr] .
1 The weight of the multi-index A is the d-dimensional vector (w1(A), . . . , wd(A)) defined as
wi(A) = #{ak = i|1 ≤ k ≤ r}
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The commutativity of the biletters is expressed by the coset notation ⊗C[Sr].
We now come back to the Hecke algebraHqr isomorphic to the permutation group
algebraHqr
∼= C[Sr] for generic q. It has a basis Tσ ∈ H
q
r indexed by the permuta-
tions σ ∈ Sr. We intorduce another basis T
σ := Tσ−1
In parallel with C[Sr] one has the double coset for (H
q
r)
α
β , cf. eq. (5) with basis
Tαβ ∈ H
q
r
∼= Hqr ⊗Hqr H
q
r T
α
β := T
α ⊗Hqr Tβ = Tα−1 ⊗Hq2 Tβ α, β ∈ Sr .
(7)
Polarization of C[GLq(V )] relations. By evaluation of the Drinfeld-Jimbo R-
matrix Rˆq with indices i, j running in the range 1 ≤ i, j ≤ d = dimV
Rˆq =
∑
i,j
qδij eij ⊗ e
j
i + (q − q
−1)
∑
i<j
eij ⊗ e
i
j e
i
j ∈ gl(V ) . (8)
we get the Faddeev-Reshetikhin-Takhtajan relations [2] RˆqW ⊗W = W ⊗WRˆq
of the coordinate ring of the quantum group C[GLq(V )]
xjkx
i
k = qx
i
kx
j
k x
k
jx
k
i = qx
k
i x
k
j j > i
xjlx
i
k = x
i
kx
j
l + (q − q
−1)xilx
j
k x
j
kx
i
l = x
i
lx
j
k j > i l > k
. (9)
These relations span an ideal which is also a coideal for the coaction ∆xij =∑
k x
i
k ⊗ x
k
j . By duality it is a (Uqgl (V ), Uqgl (V ))-module. The polarization of
the ideal generators RˆqW ⊗W −W ⊗WRˆq , that is, the weight 1
2 relations of
C[GLq(2)], yields a (H
q
2,H
q
2)-moduleH
q
2
T 2121 = T
12
12 + (q − q
−1)T 1221 T
12
21 = T
21
12 . (10)
With the help of the identification (7) one has T 1212 = 11⊗ 11
T 2121 = Ts1 ⊗Hq2 Ts1 = 11⊗H
q
2
(Ts1)
2 T 1221 = 11⊗Hq2 Ts1 = Ts1 ⊗H
q
2
11 = T 2112 .
Hence the polarization (10) of eq. (9) is equivalent to the two factorizations of the
Hecke relation (taken together)
(q−111 + Ts1)⊗Hq2 (q11− Ts1) = 0 = (q11− Ts1)⊗H
q
2
(q−111 + Ts1) (11)
Hence by applying the polarization functor to the quantummatrix groupC[GLq(V )]
relations RˆqW ⊗W −W ⊗WRˆq one gets the relations of the Hecke algebraH
q
2.
Conversely, the normalization of the factorization of the Hecke relations, cf. eq.
(11) (after division by [2] = q + q−1 6= 0 for q2 6= −1) leads to two orthogonal
idempotents inHq2
e2e12 = 0 = e12e2 (11Hq2 = e2 + e12)
where the q-symmetrizer and the q-antisymmetrizer are respectively
6 Todor Popov
e2 :=
1
[2]
(
q−111 + Ts1
)
, e12 :=
1
[2]
(q11− Ts1) .
Half of the relations of the quantum matrix group C[GLq(V )], cf. eq. (4) are
obtained through the Schur bifunctors
e2W ⊗We12 = S2(V
∗)⊗ S1
2
(V ) = V ∗⊗2 ⊗Hq2 S2 ⊗ S
12 ⊗Hq2 V
⊗2
where S1
2
(V ) = e12V
⊗2 = S1
2
⊗Hq2 V
⊗2 and S2(V
∗) = V ∗⊗2e2 = V
⊗2⊗Hq2 S
2.
The Hq2-action ρ of the projectors e2 and e12 is throught the multiplication by the
R-matrix eq.(8), ρ(Ts1) = Rˆq ∈ End(V
⊗2). The other half of the relations in eq.
(4) , (the “ missing relation” after Yuri Manin [10])
e12W ⊗We2 = S12(V
∗)⊗ S2(V ) = V ∗⊗2 ⊗Hq2 S12 ⊗ S
2 ⊗Hq2 V
⊗2 .
The above relations define the so called left and right quantum semi-groups [10],
respectively. Taken together they span the ideal of the quantum group relations eq.
(4). Equivalently one has the short exact sequence of (Uqgl (V ), Uqgl (V ))-modules
0→ (S2(V
∗)⊗ S1
2
(V )⊕ S12(V
∗)⊗ S2(V ))→ C(q) 〈W 〉 → C[GLq(V )]→ 0
(12)
whose polarization yields the short exact sequence of (Hqr ,H
q
r)-modules
0→ (S2 ⊗ S
12 ⊕ S12 ⊗ S
2)→ Hqr ⊗H
q
r
p
→ Hqr
∼= Hqr ⊗Hqr H
q
r → 0 .
The projection p : Hqr ⊗ H
q
r→H
q
r acts by p(T
α ⊗ Tβ) = T
α ⊗Hqr Tβ . Clearly
p(S2⊗S
12) = S2⊗Hq2S
12 = 0 = p(S12⊗S
2). The one-dimensionalHq2-bimodules
S2 ⊗ S
12 and S12 ⊗ S
2 can be visualized by the braid diagrams 2
= + q − q−1 and = − q−1 + q .
3 Quantum Diagonal algebra C[GLq(V )]
∆
Definition 1. The quantum diagonal algebra C[GLq(V )]
∆ is the subalgebra of the
quantum matrix algebra C[GLq(V )] generated by the elements x
1
1, x
2
2, . . . , x
d
d.
The restriction of the commutative ring C[GL(V )] to the subring of the diagonal
matrix elements xii yields C[T], the commutative functions on the torus T. We now
derive the relations in the restriction C[GLq(V )]
∆ to the diagonal of the noncom-
mutative ring C[GLq(V )].
2 The span S12 ⊗ S
2 ⊕ S12 ⊗ S
2 is equivalent to the Hecke relations eqs (10,19), see also [11].
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Lemma 1. Let T∗ =
∑d
i=1 Cx
i
i = W
∆ be the span of the diagonal generators in
C[GLq(V )]. The subspace L
∆
q (T) ⊂ T
∗⊗3 of the cubic relations of the quantum
diagonal algebra C[GLq(V )]
∆ is generated by the pseudo-plactic relations (1). Its
dimension is dimL∆q (T) =
(
d
3
)
+ 2
(
d
2
)
where d = dimV .
Proof. By expanding xiix
j
jx
k
k =: x
ijk
ijk in a basis xijk := x
1
i x
2
jx
3
k of mono-
mials in C[GLq(V )]3 one gets the linear dependences between the elements in
C[GLq(V )]
∆, the nontrivial solutions of the equation xσσc
σ = 0 .
Expanding the diagonal monomials xijkijk in the basis xijk yields the matrix

x123123
x132132
x213213
x231231
x312312
x321321


=


1 0 0 0 0 0
1 ω 0 0 0 0
1 0 ω 0 0 0
1 0 ω 0 0 ω
1 ω 0 0 0 ω
1 ω ω ω2 ω2 ω3 + ω




x123
x132
x213
x231
x312
x321


ω = q − q−1 . (13)
Thus one has a transformation with a singular matrix, xσσ = xρM
ρ
σ with ρ, σ ∈ S3.
Since the monomials xρ are a true basis in 1
3-graded part of C[GLq(V )]3 we have
xσσc
σ = 0 ⇔ Mρσc
σ = 0 KerM = L∆q
12
3
= C [[x11, x
3
3], x
2
2] ,
where the combination of columns (rows in eq (13)) of Mρσ yields the nontrivial
solution c132 = c231 = −c312 = −c213 = 1 and c123 = 0 = c321 .
For xσσ ∈ C[GLq(V )]
∆ of weight (2, 1) we have a basis x112 := x
112
112 and
x121 := x
112
121. Hence by expanding the diagonal elements we get a 3× 2 matrixM
x112112x121121
x211211

 =

1 01 ω
1 (q2 + 1)ω

(x112
x121
)
KerM = L∆q
11
2
= C [[x11, x
2
2], x
1
1]q2
Similarly from xσσ ∈ C[GLq(V )]
∆ of weight (1, 2) one obtainsKerM = L∆q
12
2
. 
Remark. The origin of the kernel of M is the existence of two “homotopic”
expressions of maximal element x321 whose difference [[x
1
1, x
3
3], x
2
2]ω
−1 ∈ L∆q
1,2
3
x123321 = x
1
3x
3
1x
2
2 = [x
3
3, x
1
1]x
2
2ω
−1 x123321 = x
2
2x
1
3x
3
1 = x
2
2[x
3
3, x
1
1]ω
−1 . (14)
In the same vein, the maximal element of weight (2, 1), that is, x112211 while expressed
in C[GLq(V )]
∆ can be written in two different ways
x112211 = q
−1x121211 = q
−1[x22, x
1
1]x
1
1ω
−1 x112211 = qx
112
121 = qx
1
1[x
2
2, x
1
1]ω
−1 (15)
and the difference of two expressions yields −ω−1q−1[[x11, x
2
2], x
1
1]q2 ∈ L
∆
q
1,1
2
.
Similarly the maximal element of weight (1, 2), i.e., x122221 forks and leads to L
∆
q
1,2
2
.
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4 A functorial way to the diagonal algebra C[GLq(V )]
∆
Definition 2. LetC[GLq(V )]
∆ be the diagonal algebra generated by xii ∈ C[GLq(V )].
The diagonal Hecke algebraHq∆ =
⊕
rH
q
r
∆ is the polarization of C[GLq(V )]
∆
C[GLq(V )]
∆
r =
∑
A∈{1,...,d}r
C(q)xAA
///o/o/o Hqr
∆ =
∑
α∈Sr
C(q)Tαα .
We fix a partition of the unit in 11Hq3 by orthogonal idempotents
11Hq3 = e3 + e
+
21 + e
−
21 + e13
the two idempotents e±21 corresponding to the two Standard Young Tableaux with
shape λ = 21, dimS21 = 2. The idempotent e
+
21 is a deformation of the Eulerian
idempotent e
[1]
3 considered by Jean-Louis Loday [6]. Eulerian idempotents e
[1]
n split
the Harisson homology from the Hochschild homology.
Lemma 2. ([7]) The splitting of the central idempotent E21 = e
+
21 + e
−
21 into two
minimal idempotents e+21e
−
21 = 0 is uniquely chosen by the θ-multiplication eigen-
values
θe±21 = ±e
±
21 = e
±
21θ θ = Ts1Ts2Ts1 . (16)
These minimal idempotents are polynomials of Tσ ∈ H
q
3 (for details see [7])
e±21 =
1
[3]
(
T123 −
1
2
(T231 ± T213 ± T132 + T312)± T321
)
(17)
+
ω
2[3]
(T213 ∓ T312 ∓ T231 + T132) ω = q − q
−1 .
The projector e−21 is obtained from e
+
21 by the involution Tσ → (−1)
σTσ , q → q
−1.
We prove in the appendix the following important lemma
Lemma 3. Let us denote by L±q (W ) the Uqgl (V )-bimodule
L±q (W ) = e
±
21W
⊗3e∓21 = S
±
21(V
∗)⊗ S21∓ (V ) .
The relations of the quantum pseudo-plactic algebra PPq(T) are the image of the
restriction of L±q (W ) to the diagonal T
∗
L∆q (T) = L
+
q (W )|T∗ = L
−
q (W )|T∗ . (18)
Definition 3. The pre-plactic algebraPPq is the graded algebraPPq =
⊕
r≥0 PPq(r)
with degrees given by the quotient
PPq(r)
∼= (Hqr ⊗H
q
r)
∆/(L∆q )r
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where (L∆q )r stays for the degree r of the ideal (L
∆
q ) generated by the polarization
of the pseudo-plactic relations L∆q (T) cf. eq. (18)
L∆q := [[13]2] := T˜
132
132 − T˜
312
312 − T˜
213
213 + T˜
231
231 T˜
α
α := T
α ⊗ Tα .
It is clear that the pre-plactic algebraPPq ⊂ H
q =
⊕
r≥0H
q
r is the polarization of
the quantum pseudo-plactic algebraPPq(T). We obtain now the key result;
Theorem 1. The diagonal Hecke algebra (Hq)∆ =
⊕
r≥0(H
q
r)
∆ is isomorphic to
the pre-plactic algebra PPq =
⊕
r≥0 PPq(r)
(Hq)∆ ∼= PPq .
Proof. The r! elements T˜αα := T
α ⊗ Tα freely generate the diagonal space
(Hqr ⊗H
q
r)
∆ :=
⊕
α∈Sr
C(q)T˜αα .
We are going to show now that L∆q is the unique combination in (H
q
3⊗H
q
3)
∆ which
is projected out by p : Hq3 ⊗H
q
3 → H
q
3 ⊗Hq3 H
q
3, by a pictorial proof
p(L∆q ) = T
132
132 − T
312
312 − T
213
213 + T
231
231 = 0
We attach to each generator in (H3(q)⊗H3(q))
∆ its braid using coset notation
(6) putting the left factor in the upper half-plane (above the horizon) and right factor
under the horizon
T 132132 = T
132
123 ⊗ T
123
132 = Ts2 ⊗ Ts2 =
T 312312 = T
312
123 ⊗ T
123
312 = Ts2s1 ⊗ Ts1s2 =
T 231231 = T
231
123 ⊗ T
123
231 = Ts1s2 ⊗ Ts2s1 =
T 213213 = T
213
123 ⊗ T
123
213 = Ts1 ⊗ Ts1 =
These braids are symmetric with respect to the horizon, the left factor being the
braid indexed by the inverse permutation of the right. The projection p is gluing the
upper and the lower braids allowing generators to flow across the tensor product
p(T˜αα ) = Tα−1 ⊗Hq3 Tα = 11⊗H
q
3
Tα−1Tα
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and allows to reduce the number of crossings, by reducing the word written with
braid generators. For instance, in the Hecke relation T 2s1 = 11 + (q − q
−1)Ts1 ,
the “bubble” (Ts1)
2 being reduced to braids in Hq with lower length number of
crossings
= + ω := = ω = (q − q−1) (19)
a move that we are referring as Hecke move.
The “standardized” pseudo-plactic relation is pictorially represented by sum of
“diagonal” diagrams
T 132132−T
312
312−T
213
213 +T
231
231 = − + − =
which we simplify by reducing terms T 312312 and T
231
231
− − ω + ω + − .
The rightmost and leftmost terms with bubbles are homotopic and cancel hence
T 132132 − T
312
312 − T
213
213 + T
231
231 = −(q − q
−1)

 −

 = 0
and we got the transparent result: the pre-plactic relation L∆q is equivalent to the
braid relation. The reduced word 321 has two representatives and the two braids
cancel
p(L∆q ) = ω(Ts1Ts2Ts1 − Ts2Ts1Ts2) = 0 .
Lemma 4. All symmetric elements in (Hq⊗Hq)∆ with vanishing projection inHq∆
belong to the ideal generated by the braid relation (L∆q ),
(L∆q ) = {x ∈ (H
q ⊗Hq)∆|p(x) = 0} .
Proof of the lemma. Reducing a generator x in Hq∆ ⊂ Hq to its minimal length
is a ”normal ordering” such that we can’t apply the Hecke moves the braid diagram
of x any more. Any non-zero element in Hq∆ is represented by a combination of
reduced words, but there is a remaining ”gauge freedom”, Tsisi+1si ∼ Tsi+1sisi+1
which is the “mutation” of the reduced word with respect to the braid relation.
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Assume that in degree n > 3 we have a relation Hq∆ not generated by L∆q . We
conclude that there exists an independent relation between the reduced words inHq
which is of degree higher than 3 which is a contradiction since any reducedword can
be brought to any other by a sequence of braiding mutationsTsisi+1si ∼ Tsi+1sisi+1 .
The lemma is proven.
When restricted to the diagonalT the sequence of (Uqgl (V ), Uqgl (V ))-modules
cf. eq. (12) yields the sequence of spaces
0→ (L∆q (T))r → C(q) 〈T〉 → C[GLq(V )]
∆ → 0 . (20)
These spaces are stable under the quantumWeyl action [5] which lives in a comple-
tion Ûqgl(V ).
The diagonal restriction (Hq⊗Hq)∆ :=
⊕
r≥0
(∑
α∈Sr
CT˜αα
)
of the Hq-
bimoduleHq ⊗Hq is a Hq-module with a left action
Tρ · T˜
σ
σ := Tρ−1Tσ−1 ⊗ TσTρ (similarly for T
σ
σ ∈ H
q∆) .
The polarization of this sequence of Ûqgl(V )-modules provides the sequence of
Hqr-modules
0→ (L∆q )r → (H
q
r ⊗H
q
r)
∆ p→ Hqr
∆ → 0 . (21)
According to lemma 4 the sequence of Hqr-modules cf. (21) is exact for all r ≥ 0.
The exactness implies the isomorphism (Hq)∆ ∼= PPq . The theorem is proven.
Theorem 1 implies the conjecture of Daniel Krob and Jean-Yves Thibon [3].
Corollary 1. The diagonal algebra C[GLq(V )]
∆ is isomorphic to the quantum
pseudo-plactic algebra
C[GLq(V )]
∆ ∼= PPq(T) .
The isomorphism PPq(T)
∼= C[GLq(V )]
∆ holds true if and only if the sequence
of Ûqgl(V )-modules (20) is exact
C[GLq(V )]
∆ ∼= C(q) 〈T〉 /(L∆q (T)) .
By functoriality the exactness of the sequence of Ûqgl(V )-modules (20) follows
from the exactness of the sequence of Hqr-modules (21). The latter exactness is due
the isomorphismPPq
∼= Hq∆ (Theorem 1).
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Appendix
Proof of Lemma 3. By abuse of notation we will write e∓21 for the image in the
Hq3-representation pi(e
∓
21), i.e., a polynomial of the matrices pi(Ts1) = (Rˆq)12 and
pi(Ts2) = (Rˆq)23 in End(V
⊗3). The matrices pi(Tsi) commute with quantum ma-
trix elements
(Rˆq)12W
⊗3 = W⊗3(Rˆq)12 (Rˆq)23W
⊗3 = W⊗3(Rˆq)23
thus the orthogonality e+21e
−
21 = 0 implies p(L
±
q (W )) = p(e
+
21W
⊗3e−21) = 0.
The proof is by brute force, a direct check using the n3 × n3 matrix [e±21]
i1i2i3
j1j2j3
.
The grading of the Drinfeld-Jimbo matrix eq. (8) implies that the matrices in
End(V ⊗3) have zero entries [e±21]
i1i2i3
j1j2j3
= 0 if {i1i2i3} 6= {j1j2j3} as multisets
thus it is enough to restrict our attention to dimV = 3. The matrix of the idempotent
[e±21] has 6× 6 blocks for 3 different indices and 3× 3 blocks for 2 different indices.
The 6× 6 blocks are indexed by σ, ρ ∈ {123, 132, 213, 231, 312, 321}
[e±21]
σ
ρ =
1
[3]


1 ω∓12
ω∓1
2 −
1±ω
2 −
1±ω
2 ±1
ω∓1
2
ω2∓ω+2
2 −
1±ω
2 ±1 ∓
ω2+1
2 −
1∓ω
2
ω∓1
2 −
1±ω
2
ω2∓ω+2
2 ∓
ω2+1
2 ±1 −
1∓ω
2
− 1±ω2 ±1 ∓
ω2+1
2
ω2±ω+2
2 −
1∓ω
2 −
ω±1
2
− 1±ω2 ∓
ω2+1
2 ±1 −
1∓ω
2
ω2±ω+2
2 −
ω±1
2
±1 − 1∓ω2 −
1∓ω
2 −
ω±1
2 −
ω±1
2 1


while the 3× 3 blocks are indexed by λ, µ ∈ {112, 121, 211} or {122, 212, 221}.
[e±21]
λ
µ =
1
2(q + q−1 ± 1)

 q −1∓ q ±1−1∓ q q ± 2 + q−1 −1∓ q−1
±1 −1∓ q−1 q−1


Applying the Einstein summation convention over repeating indices k and l but
not on i’s we get the sum
L±q (W )
i1i2i3
i1i2i3
= [e±(q)]i1i2i3k1k2k3x
k1
l1
xk2l2 x
k3
l3
[e∓(q)]l1l2l3i1i2i3 no summation on i1, i2, i3 .
For multi-indices 1 = i1 < i2 = i3 = 2 of weight (1, 2) we get
L±q (W )
122
122 = [e
±(q)]122abcx
a
i x
b
jx
c
k[e
∓(q)]ijk122 =
[2]
4ω[3]
[x22, [x
1
1, x
2
2]]q2 ∈ L
∆
q (T)
12
2
where the off-diagonal terms have replaced by the substitutions
x122221 → qx
122
212 x
221
122 → qx
212
122 x
122
212 → [x
2
2, x
1
1]x
2
2/ω
x221212 → x
212
221 x
212
122 → x
122
212 x
212
221 → x
2
2[x
2
2, x
1
1]/ω
. (22)
By similar substitutions for indices of weight (2, 1)we get L±q (W )
112
112 ∈ L
∆
q (T)
11
2
.
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For multi-indices of weight (1, 1, 1) we ”diagonalize” the expression
L±q (W )
123
123 = [e
±(q)]123σ x
σ
ρ [e
∓(q)]ρ123 σ, ρ ∈ S3
by rewriting it in diagonal monomials xσσ := x
i
ix
j
jx
k
k ∈ (T
∗)⊗3 where σ ∈ S3 is the
word ijk of the permutation σ(1) = i, σ(2) = j, σ(3) = k. The restriction to the
diagonal subalgebra L∆q (T) can be done by the substitutions
x213321 → x
123
231 + ωx
213
231 x
132
321 → x
123
312 + ωx
132
312 x
231
312 → x
123
231 + ωx
213
231
x213312 → x
123
132 + ωx
123
312 x
312
231 → x
123
312 + ωx
123
321 x
321
213 → x
123
312 + ωx
231
213
x312213 → x
132
123 + ωx
132
213 x
231
132 → x
213
123 + ωx
123
312 x
132
231 → x
123
213 + ωx
123
231
x132213 → x
123
231 x
321
132 → x
123
132 + ωx
123
312 x
213
132 → x
123
312
x321123 → x
231
213 x
312
123 → x
123
231 x
231
123 → x
123
312
where the terms in RHS are either lowest in lexicographical order , i.e., x123abc or with
one rightmost (leftmost) diagonal entry , xikx
k
i x
j
j and x
j
jx
i
kx
k
i . In the latter case one
can systematically replace the off-diagonal terms by commutators of diagonal terms
xikx
k
i x
j
j → [x
i
i, x
k
k]x
j
j/ω x
j
jx
i
kx
k
i → x
j
j [x
i
i, x
k
k]/ω .
For instance, the terms x213 := x
123
213 and x132 := x
123
132 which are also lowest in
lexicographical order are rewritten as
x123213 = [x
2
2, x
1
1]x
3
3/ω x
123
132 = x
1
1[x
3
3, x
2
2]/ω . (23)
After imposing all substitution above we are left with only three non-diagonal terms
x123231, x
123
312 and x
123
321.
The last equation in the system (13) is the only one containing x123231 and x
123
312
x321312 − x
123
123 − ωx
123
213 − ωx
123
132 − (ω
3 + ω)x123321 = ω
2(x123231 + x
123
312)
hence it provides an obstruction of an expression to be reducible to a sum of
xiix
j
jx
k
k ∈ (T
∗)⊗3: it is clear that a sum
∑
σ∈S3
dσx
123
σ ∈ (T
∗)⊗3 if and only if
d231 = d312.
The direct check shows that indeed in the sum L±q (W )
123
123 the coefficient of x
123
231
is the same as the coefficient of x123312 thus the substitution
3
x123312 → −x
123
231 +
1
ω2
{
x321312 − x
123
123 − [x
2
2, x
1
1]x
3
3 − x
1
1[x
3
3, x
2
2]− (ω
3 + ω)x123321
}
will cancel term x123312 with x
123
231. Finally we can eliminate the last off-diagonal term
x123321 by one of the two possible ways (14) or a combination thereof. We are going
to choose the “gauge”
x123321 → ω
−1[x33, x
1
1]x
2
2 .
3 We have used the substitution (23) to eliminate off-diagonal terms −ωx123213 − ωx
123
132
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By direct calculation after replacing all off-diagonal terms by the above substitution
we recover the pseudo-Knuth relations L∆q (T) for three different indices in eq. (1)
[L±q (T)]
i1i2i3
i1i2i3
= −
ω3 ∓ ω2 ∓ 2
2ω[3]2
[[xi1i1 , x
i3
i3
], xi2i2 ] ∈ L
∆
q (T)
i1i2
i3
i1 < i2 < i3 .
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